A Note of the Ribet’s Theorem
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Abstract

This note is a reading report mainly based on [1] and [2]. And
we will state Ribet’s Theorem and follow its origin proof. First We
will introduce modular curves and modular forms, and construct a
Galois representation concerning a specific modular form. After that,
we will state two stronger versions of Ribet’s theorem and prove the
latter one.
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1 Introduction and Background

Let K/Q be a finite extension, and Cly be its ideal class group. In algebraic
number theory, we know that Clg is a finite abelian group with order hg,
i.e. for any fractional ideal I, there exists n€ Z, s.t. I" is principal.

When K = Q(y,), Kummer has found a powerful result relating to Fer-
mat’s Problem.

Proposition 1 (Kummer, in 1851). (cf. [{]) If pf hq,), i-e. the p-sylow
subgroup of Clg,) s trivial, then xP + y? = 2P has no solution in VAR

Proof. We sketch the proof. We may assume p > 3, p1 (x — y) and x,y,z are
coprime to each other in Z. Let pu = p,, we have

Py = (+y)(x+py) (x4 py) = 2P

First we aim to prove that principal ideals {(x + u'y)} are coprime to each
other in Z[u]. Therefore, using the equation above, we conclude that (z +
wiy) = of, for some fractional ideal I;. Since the left hand side is principal,
and p 1 hg, each I; is principal, i.e. I; = (a;) where «; € Z[u].

Then we claim that there exists r € Z, s.t. o+ py — p*z — > 1y =0
(mod p). Through a little discussion, we are done. O

And if p { hg(,) for all prime p, then Fermat’s Last Theorem is done.
But we have a counterexample indeed. For p=37, Clg(,,,) = Z/37Z, h=3T.
Thus we may be interested in whether the order of the p-Sylow subgroup of
Clg(u,) is divisible by p.

Henceforth, we denote K = Q(u,), and A =Gal(K/Q) = (Z/pZ)*. Then
A has a natural action on Clg, i.e., o[I] = [o([)]. In addition, Clx has a
Z-module structure, i.e., n.l = I™.

Let C' = Clg/Cl be an F,, -vector space. Then p|hg iff C' # 0.

There is a decomposition lemma making C clear.

Lemma 1 (Decomposition Lemma). (¢f. [5]) If R is a commutative ring

containing {(un)} and L. G is an abelian group with order n, and G =
Hom(G, R*) be all group morphisms. Then for R|G] -module M, we have

M = M(x),
xe@G

where M(x) = {m € M : om = x(o)m for every o € G}, x is a Dirichlet
character modulo n.



Proof. let e, = 1% x(0)o™!, then we can see

E ey = Leyey = 0,66, = ey.
xe@

Thus, for all m € M, m can be uniquely written as Zx €y M. [

View C' as F,[A] -module, let x : A = (Z/pZ)* = F;. Note that {x": 1 <
i <p—1} = Hom(A,TF;), we have:

and every C(x") is an F,[A] -vector space, where oz = x*(c)z for z € C(x")
and o € A.

Let ett—l =30 Bk%, where B,, are called Bernoulli numbers. In 1932,
Herbrand found the following theorem.

Theorem 1 (Herbrand). (c¢f. [6]) Let k € [2,p — 3] be an even integer. If
C(x'*) £ 0, then p|By.

The proof is in [5]. What we concern is Ribet’s result in 1970s:

Theorem 2 (Ribet). (c¢f. [1]) Let k € [2,p — 3] be an even integer. If p|By,
then C(x*=%) # 0.

This note will be organized as follows. In the following two chapters, we
will state and prove several basic definitions and facts in Modular Curves
and Modular Forms. And in the fourth chapter, we will follow Ribet’s origin
proof, which first claims two stronger propositions and proves the latter one.

2 Modular Curves and Modular Forms

In this section, we will introduce modular curves, modular forms and use the
algebraic structure of modular curves to construct a Galois representation.



2.1 Basic Definitions and Facts
2.1.1 Modular Curves and Modular Forms

First, let us explain the motivation. We want to construct a kind of Riemann
Surface. Since simply-connected Riemann Surfaces have been classifed, i.e.
they are C,H,and CP!, let’s consider a group action on H and its induced
quoient space, i.e. H/G. To make it be a Riemann Surface, we consider

G < SLy(Z).
Definition 1 (Congruence Group). I' < SLy(Z) is called a congruence group

if there exists N, s.t. T'(N) C I', where I'(N) = {(i Z) € SLy(Z) -

(2= o

In general,
r(N) — {(‘C‘ Z) € SLy(Z) : (;‘ Z) = (é g’) (mod N)}

A
Ty (N) = {(‘; Z) € SL(Z) : (Z Z) - ((1) ’{) (mod N)}

A
To(N) — {(‘C’ Z) € SLy(Z) : (Z Z) = (3 :) (mod N)}.

Definition 2 (Modular Curves). Y/(I') := H/I' = {I'r : 7 € H}, is the set
of orbits. X(T') := H*/T, where H* = H U P'(Q).

Fact: X (I') is a compact Riemann Surface. This requires careful discus-
sion on its neighborhoods, elliptic points(we call I'r € X(I) is an elliptic
point(here 7 € H), if there exists non-trivial v € IT', s.t. y7 = 7) and
cusps(the points equivalent to P*(Q)).

Example 1. X(SLy(Z)) = S?. (See the figure 1 below.)

Note that the fundamental domain for SLo(Z) is D below, and the cusp
of X(SLy(Z)) is oo, we think this point lying in the infinitely far up the
imaginary azis. Thus we imagine two lines v = 1/2 and x = —1/2 intersect
at the oo, since these two lines and two arcs on the boundary are identified
respectively, we get a Riemann sphere.
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Figure 1: the fundamental domain for SLy(Z)(This picture comes from [2])

Now we introduce modular forms, and its motivation is to analogize mero-
morphic forms. We will see later that Theorem 4 will tell us the relation.

Definition 3 (Modular Forms of weight k with respect to I'). f:H — C is
called modular forms of weight k with respect to I (i.e. f € Mg(I")) if:

o fis holomorphic in H,

c

) = (er ) = (). foramy = (4 )) €T,

o fla]k is holomorphic at oo for any o € SLy(7Z).

Let me explain the meaning of "holomorphic at co”. We know that since
[ is a congruence subgroup, so there exists N, I'(/V) C I', which implies that

T= <(1) ]Y) € I'. Using property(2) above, f[7], = f, we have f(z + N) =

f(2), so there is a natural fourier expansion, i.e.

f(z) = Z Qe N = Z gy -

neZ ne”

Let’s consider another function g(q), which has a Laurent expansion g(q) =
>, anq". Thinking of oo as lying far in the imaginary direction, then z — oo
iff ¢ — 0. We say a function is holomorphic at ~o iff a,, = 0 for all n<0.
Since f[a]y, is invariant under o~ 'T'«r, which contains o 'T'(N)a = T'(N),
therefore, (3) is well-defined.
Moreover, if ap = 0 in f[a]i’s fourier expansion for all o € SLy(Z), then
f is called a cusp form of weight k respect to I, i.e. f € Si(I).

If we replace ”holomorphic” by "meromorphic”, then the set is Ax(T"),
called Automorphic form.
Note that these function are NOT well-defined on X (I').
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Proposition 2 (Decomposition of M (I'1(V))).
= EB M;(N, x)
X

where M(N,x) = {f : flvle = x(d,)f forall v € To(N)}, and x is a
Dirichlet chamcter modulo N.

Proof. Note that T'o(N)/T'1(N) = (Z/NZ)*. And f is invariant under I'; (N),
thus the action of I'y(/V) can be realized as (Z/NZ)*. O

In the theory of Compact Riemann Surface, there are two natural objects.
Definition 4. Pic’(X) = Div°(X)/Div'(X).
Definition 5. Jac(X) = Q; ,(X)"/H(X,Z).

Using Riemann-Roch Theorem, the right hand side is a complex torus of
dimension g, where g is the genus of the compact Riemann Surface X.
Abel Theorem states that the above two objects are isomorphic.

Theorem 3 (Abel Theorem). Let X be a compact Riemann Surface, if g > 0,

then
Pic’(X) = Jac(X an — an/

The next theorem states that automorphic forms and k/2 forms are bi-
jective in the sense of complex vector space.

Theorem 4. Let k be an even positive integer, and I' be a congruence group
of SLy(Z). The following map is an isomorphism of complex vector space.

w: Ap(T) = Q®F2(X(I))
In particular, w induces an isomorphism from Sy(T') to Q} (X (T)).

Proof. We sketch the proof. We know that = : H — X (I') induce the map
7 QEF2(X(T)) — Q®*/2(7). Thus given a meromorphic differential w on
X(I), we get a meromorphic differential f(7)(d7)*/2. We can prove this f is
what we want since it’s invariant under I'.

The converse is tricky. O



2.1.2 Hecke Operators

We can define two Operators T from M (I'1(NV)) to M(I'1(N)). Let f be a
modular form respect to I'1(N), i.e. f € Mg(T'1(N)).

Let @ € GLy (Q), and T'y(N)al'y(N) = U; sinie [1(N)8; for some (€
M5(Z)). We aim to define T'f € M(I'1(IV)) corresponding to . It’s neces-
sarily invariant under I'y (V). Therefore, it’s natural to define as follows:

Tf= Y [k

i finite

Thus given an element in GLj(Q), we have what is called double coset
operators.

Definition 6 ((d)). For (d,N) =1, let ap = (CCL g) € I'o(N), where 6 =
/ /
d mod(N). Since for any o = CCL, (Z;/ € I'y(N), where 0’ = d mod(N), we

have I'1(N)al'y(N) = 't (N)ag(usingl'y (N) < To(N)). So there is a unique
operator (d).
(d)f = flaolk-

For (n,N) > 1, (d)f is defined to be 0.
It’s easy to see that:
o (d){e) = (e)(d) = (de),
o My(N,x)={f:(d)f = x(d)f for all d € (Z/NZ)*}.

Definition 7 (7,,). Let p be a prime and T';(N) ((1) 2) I (N) =U; Ti(N)B;.

Then we define:

10

10 =) f 0

) [y (N)]g = Zf[ﬁj]k-

In general,

Ty = Id and Ty = T, Ty — p" N (p) T2, for r > 2,
Tom = T, T, for (n,m) = 1.
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We list several facts we will use.
i Tm<n> = <n>va

» The above two Hecke operators T define a map from J; (N) = Jac(X (I'1(N)))
to itself.

We sketch the proof of the fact(2). Since Sy(T") = Q) (X(T)), We have
T :Sy(I'1(N))N = Sa(T'1(N))" and the following commutative diagram:

Sa(I'(N))” Sa(I'1(N))”
bt (X (T1(N))" —= 2y (X (L1(N)))"
And T will map a loop to another loop, so it induces T": Jy(N) — J1(N).

Definition 8. A non zero modular form f e Mg(I'1(N)) is called an eigen-
form if it is an eigenform for the Hecke Operators T, and (n) for alln € Z*.
Moreover, if a;(f) = 1, then fis called a normalized eigenform.

Since Mi(N,x) = {f : (d)f = x(d)f for all d € (Z/NZ)*}, for every
eigenform f, there exists a Dirichlet character x, f € My(N, x).

Definition 9. Ty, = Z[{T,, (n) : n € Z"}|, the Hecke algebra over Z.
Proposition 3. Ty is a finite generated 7. module.
Proof. Ty, can be viewed as a submodule of End(H(X1(N)),Z). O

Corollary 1. Let f be a normalized eigenform, then K; = Q({an(f)}) is a
number field.

Proof. For any normalized eigenform f, f € My (N, x), there is a surjective
map from Ty to Zl{a,(f), x(d) : n,d € Z+o}]. Since

Ty = T,/ Tyr—1 — p* "1 p) T2, for r > 2,

Let r=2 and take p,p’ be two prime numbers, s.t. p = p’ (mod d), then we

have Z[{an(f), x(d) : n,d € Zso}|=Z[{an(f) : 7 € Zso}]. Thus Z[{an(f) :
n € Zso}] is a finitely generated Z module, and Q({a,(f) : n € Zso}) is a
finite extension over Q. ]

Let d denote the dimension of K over Q.
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2.2 The Algebraic Structure

In this section, we introduce the algebraic structures of X;(N) and Ay, which
have a Gg action and induce an l-adic representation.

Henceforth, we assume f € Sy(I';(N)) be a newform at the level N and an
eigenform of the Hecke algebra 7. J1(N) = Jac(X;(N)), K is its number
field. Here is a map:

)\f : TZ — C,Tf = )\f(T)f

and its kernel Iy = ker(A\f) ={T € T : Tf = 0}.

2.2.1 Abelian Variety associated to f
Definition 10. The Abelian Variety associated to fis defined to be

Let Vy = Span ({f?|o : Ky — C is an embedding}), a subspace of Sy =
Sp(C1(N)), V7 is its dual space C S5 Ay = Hi(X1(N),Z)|y,. It’s natural
to define

Ji(N) = Vi Ap, o [l = olv, + Ay

Proposition 4. The above homomorphism induces an isomorphism:
Ap = VE/Ag, (ol + 15 i(N) = oly, + Ay
And the right hand side is a complex torus of dimension d = [Ky : Q).

We omit the proof, and what we are concerned about is its complex torus
structure of dimension d.

2.2.2 X;(N) is algebraic over Q

Compact Riemann Surface is algebraic. But Xo(/N), X1(N) can be taken as
algebraic curves over Q.

Henceforth, X 1(]\£ ) denotes the modular curve as a nonsingular algebraic
curve over Q. Let X;(IV) denote its reduction at F,, and X;(N)c be our
origin definition, i.e. H*/I';(N).



Theorem 5 (Eichler-Shimura Relation). Let p 4 N. The following diagram

commutes.

Pic® (X, (N)) —%  Pic®(X,(N))

UPY*JF@/)*U

Picdd (X, (V)] pied (X (V)
Here
¢ oy, s w]) = bty a2,
o 0p (22 Q)) = X[op(Q)],
« o5 (2R =p>l0, Q)]

Note that in F,, Frobenius is an isomorphism, thus the above map is well-
defined.

2.2.3 l-adic Galois Representation

Since X (V) is defined over Q , there is a natural Gg action on Pic®(X;(N)).
For any 0 € Gq, any © = (g : 21 : -+ : 3,) € X1(N), o(z) = (0(z0) : o(
1) i :o(z,)) € Xi(N).

Thus for each n, there is a commutative diagram.

Go

| T

Aut(Pic® (X1 (N))[I"]) =— Aut(Pic® (X (N))[I"T])
We state without proof that the following two maps are isomorphisms.
in : Pic® (X (N)[I"] = Pic®(X1(N)e)[I"(= Jac[l] = (Z/1"7)*)

T+ Pic® (X (N))[I"] — Pic®(X,(N)[I"],if ptIN.

So these induce a homomorphism

PX1(N)L - GQ — Gng(Zl> C GLQQ(QZ).
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Theorem 6. Let | be prime and let N be a positive integer. The Galois
representation px, vy, is unramified at every prime p { IN. For any such
p, let o C Z be any mazimal ideal lying over p. Then px. (N (F'roby,) satisfies
the polynomial equation.

2? — T,x + (p)p = 0.

We say p is unramified at prime number p, if for all p lying over p, I,
the inertia group, is contained in ker p.

Proof. First note that D,/I, = Gp,, and there is a commutative diagram:

Dy —= Aut(Pic®(X1(N))[I"])

Gy, — Aut(Pic®(X,(N))[I"])
Since I, is the kernel of m, and right vertical arrow is isomorphic, I, is
contained in the kernel of the map across the top. Since n is arbitrary, this
means [, is contained in the kernel of p as desired.

By Eichler-Shimura Relation, we have the following commutative dia-
gram:

Pic (X, (N)[I"] —%  Pic®(X,(N))[I"]

Pic® (X (N) 2227 picd (X (N)) 17

If we replace T, by Frob, + (p)pF rob, ! this makes the diagram commutes
too, since two vertical arrows are isomorphisms, this shows

T, = Frob, + (p)pFrob,".
The result then follows directly. ]
Since ker(Pic®(X1(N))[I"] — Af[I"]) is stable unber Gg(we omit the
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proof), the following diagram commutes.

Go

| T

Aut(Pic®(X, (N)[I"]) =<— Aut(Pic® (X1 (N))[I"™])

l |

Aut(A,[i")) Aut(Ag 1))

And
Ta;(Ay) :=lim A [I"] 2 im(Z/1"Z)* = (7).
— —

As a corollary of the previous theorem, we have:

Theorem 7. ps,; : Gog — GLq(Qi) is unramified at every prime p { IN.
And p(Frob,,) satisfies

22 — a,(f)z + x(p)p = 0.

Lemma 2. Let Vi(Ay) = Tay(Ay) @ Q & Q. Then Vi(Ay) is a free
Ky ®qg Qi-module of rank 2.

We omit the proof.
Using the canonical isomorphism K; ® Q; = H/\\l Ky, we get

pra: Gog = GL(Vi(Ay) ®k e, Kra) = GLa(Kyn).
As a corollary to the previous theorem, we get the following:

Theorem 8. This representation is unramified at every prime p {IN. For
any such p, let o C Z be any maximal ideal lying over p. Then py(Frob,)
satisfies the polynomial equation:

2* — ap(f)z + x(p)p = 0.

3 Several Methods in Representation Theory

In this section, we introduce several facts in representation theory.

12



Definition 11 (Semi-Simplification). Let V be a finite dimensional repre-
sentation of G. 0=Vy C Vi C --- C V,, =V is its Jordan-Holder series, i.e.
Vi/Vi_1 is simple. Then

n
Ve = PVi/Via
j=1
is its semi-simplification.

Let L/Q, be a finite extension, O the ring of intergers of L, 7 the uni-
formizer of the unique maximal ideal of O, and F = O/ the residue field.
Let p: Gg — GL(V) be a continuous representation.

Proposition 5. There ezists a O-lattice A C V', which is Gg stable. And p
induces a representation py : Gg — GL(A) — GL(A/7A), which is called the
reduction of p attached to A. The semi-simplification of px does not depend
on the choice of A. Denote this unique representation by p, which is called
the residual representation of p.

Proof. We just prove the first claim. For any lattice A', H = {g € GL, (L) :
g(A") = A’} is an open subgroup of GL,(L)(here we actually use its non-
Achimedian property). Hence its intersection with G = p(Gg), is open in G.

Since G is profinite, thus G is compact, we have G = Umfim,te g:(HNG).
Let A= 3", rinie 9(A), then we have a G-stable O-lattice, hence is G-
stable. ]

We have a criterion to determine whether a representation is semi-simple
or not.

Lemma 3 (Ribet’s Lemma). Suppose that L-representation p is simple but p
ts NOT simple.. Let 1 and s be the characters associated to the reductions
of p. Then G leaves stable some lattice A C V for which the associated

reductions is of the form (%1 ; ) but is not semi-simple.
2

Proof. We sketch the proof. First, we need to show that at least one of these

reductions is of the desired type %1 . Next, if all reductions of this
type are semi-simple, then p cannot be simple, which is a contradiction.

O
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4 Proof of the Ribet’s Theorem

In this section, we follow Ribet’s origin proof. First, we introduce two
stronger versions of the theorem.

Theorem 9. Let k € [2,p — 3] be an even integer, and suppose that p|By,.
Then there exists a galoisian extension E/Q containing K = Q(u,) such that

e (a)The extension E/K is everywhere unramified,

e (b)The group H = Gal(E/K) is a non-trivial p-elementary commuta-
tive group, i.e. H = (Z/pZ)",

e (c)For every o €eG=Gal(E/Q), T € A = Gal(K/Q), and every T € H,

oro !t =x@)" "1
Here H has a natural ¥, structure, i.e., for a € Im(x) = FP, and 7 € H,

a-17=T"%
Proposition 6. This theorem implies Ribet’s Theorem 2.

Proof. Let M be the Hilbert class field of K = Q(p,), then E is contained in
M. Using Artin map, we have Gal(M/K) = Cly as Z[A] -module.
Note that for any o € A, any 7 € Gal(M/k) and any [I] € Clk,

o(t) = oro~ " and o([I)) = [o(I)]

We have Gal(M/K)/Gal(M/K)? = Clk/Cl}. = C as F,[A] -module, and
is the biggest p-elementary group which is a quoient of Gal(M/K). Since
H is a p-elementary group and the quoient of Gal(M/K), this implies that
H—C.

Using (c) of the theorem, H = H(x'™*) # (), then C(x*7) # 0. O

Let D, C Gg denote one of the decomposition group at the prime p, i.e.
D,={o0€Gqg: 9" =p,pCpCL} Let x: Gg — Gal(Q(p)/Q) — F;.
The following theorem is stronger than the previous one.

Theorem 10. Let k € [2,p — 3] be an even integer, and suppose that p|By,.
There exists a finite extension F/F,, and a continuous representation p :

Go — GLy(F), such that
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o (1) p is unramified at every prime | # p,
1 v . .
e (2)p~ N v : Go = F is non-trivial,

s (3)plp, is semi-simple.
Proposition 7. The theorem 10 is stronger than the theorem 9.

Proof. Using the theorem 10, we have the following diagram:

E—FK — @ker'yﬂkerx

/\

—ker x

K :Q(Up) =Q

—ker p

E=0

Let H' = Gal(E'/K'), then H' = ker x*~!/ ker p = ker x*~!/ ker \*~} N ker 1.
Since v : ker x*~! — ¥, this induces v : H — F. Thus H = Gal(E/K) = H'
is p-elementary group.

For any prime [ # p, any A lying over 1, we have I, C ker p, this implies

that @kerp C @Ik. Therefore, for any prime | # p, E'/K' is unramified.
Choose p = p()Opg in E’, we claim p over the unique p in K’ lying over
p, is unramified. If we prove this claim, since E'/K’ is galois, then (a) of the
theorem 9 is done.
Note that p|p, is semi-simple, it’s equivalent to say that the order of

p(D,,) can not be divided by p, i.e. pt#p(D,,). Since
p(D,) = D,/ ker pN Dy, and I, < Dy, < Gg/ ker p

we conclude that p { e = #I,. On the other hand, I, < H’, which is a
p-elementary group, thus e = 1, i.e. E'/K’ is everywhere unramified. And
this implies that E/K is everywhere unramified.
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It remains to prove (c) of the theorem 9, i.e. o70~! = x(7)7* - 7. Since
the above elements are in Gal(E/K) = ker x*~!/ker p, so only need to verify

ploro™) = p(x(@)" " 1),

and this is because:
6 @) 66 ) =6,

Let % — Z¢ be the Teichmuller lift, w : F), — g,y such that ~ Fy —"> p,

li fti /
Ly
commutes. € = w¥~2. We state without proof that there exists a nice eigen-
form.

Theorem 11. Suppose p|By, there exists a normalized cusp eigenform f
€ Sa(p.€), [ =2 ,-0anq", and a prime ideal p|p of the number field Ky,
such that for every prime | # p, the number a; is p-integral and

a=1+1"1=1+¢€l)l (mod p).

Recall in the previous section we have proved theorem 8 which states that
pre is unramified at [  p?, and for maximal ideal A C Z, lying over prime
number [  p*:

Tr(pfe(Froby)) = ai(f), det(pso(Froby)) = e(l)l.

Proposition 8. The representation py,, is simple.

Proof. Suppose not, then its semi-simplification is p; @ pa, where p; : Gg —
K3 . We state without proof that each p; can be written as p; = exX™,
where X : Gg — Gal(Q(up~)/Q) = Z7, the p-adic cyclotomic character, and

€ : Gg = K7 is of finite order. Since
e;(Froby) = €(l), xX(Froby) =1,
We have

{el(l)lnl + e (D)™ = q
e1(Dex (D)™ Hm2 = [e(1).
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>
Thus ny +ny =1, W.L.O.G, {Zl < (1), and this implies that |a;| > 1 — 1.
2 S
Due to the Ramanujan Bounds, which states that for almost all prime [,
ar(f) < 2v1, we conclude a contradiction. O

Denote the ring of integer of K¢, by Oy,.

Proposition 9. There exists a Gg -stable Oy, -lattice A C V,,(Ay) such that

1 % 1 0
pf,P,A ~ 0 Xk—l pr,p,A icad O Xk_l .

Proof. Due to the lemma 3 and the proposition above, it’s sufficient to prove
that 7, is NOT simple, ie. p;, ~ 1@ x*'. Here p;, is the unique
semi-simplification of the reduction of py,.

For any prime [ # p, since p is unramified at [, so is p.

{ tr(p(Frob)) = a= 1+1*1mod (p),
det(p(Frob)) = le(l)=  1* ! mod (p).

Consider another representation p' : Gg — GLo(F), p' ~ 1 @ x*!, then
p(Frob) ~ p'(Frob) for any [ # p. By Prop 5 and Cebotarev density
theorem, which states that F' = {Frobx}{ prime iy is dense in G, we have
ﬁNp,Nl@Xk_l-

N

To sum up, ps A has the properties that
o It’s unramified at every prime [ # p.
o It’s NOT semi-simple.

We claim py, o is what we want in the theorem 10. We omit the proof that
p|p is semi-simple since it’s beyond the scope here.
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